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Gravity waves in irrotational dust spacetimes are characterised by nonzero magnetic Weyl tensor
H
ab
. In the linearised theory, the divergence of H
ab
is set to zero. Recently Lesame et al. [Phys.
Rev. D 53, 738 (1996)] presented an argument to show that, in the exact nonlinear theory, divH = 0
forces H
ab
= 0, thus implying a linearisation instability for gravity waves interacting with matter.
However a sign error in the equations invalidates their conclusion. Bianchi type V spacetimes are
shown to include examples with divH = 0 6= H
ab
. An improved covariant formalism is used to show
that in a generic irrotational dust spacetime, the covariant constraint equations are preserved under
evolution. It is shown elsewhere that divH = 0 does not generate further conditions.
I. INTRODUCTION
Irrotational dust spacetimes have been widely studied, in particular as models for the late universe, and as arenas
for the evolution of density perturbations and gravity wave perturbations. In linearised theory, i.e. where the
irrotational dust spacetime is close to a Friedmann{Robertson{Walker dust spacetime, gravity wave perturbations are
usually characterised by transverse traceless tensor modes. In terms of the covariant and gauge{invariant perturbation
formalism initiated by Hawking [1] and developed by Ellis and Bruni [2], these perturbations are described by the


























is the Weyl tensor, 
abcd
is the spacetime permutation tensor, and u
a
is the dust four{velocity. In the
so{called `silent universe' case H
ab
= 0, no information is exchanged between neighbouring particles, also in the exact
nonlinear case. Gravity wave perturbations require nonzero H
ab
, which is divergence{free in the linearised case [3],
[4], [5].
A crucial question for the analysis of gravity waves interacting with matter is whether the properties of the linearised
perturbations are in line with those of the exact nonlinear theory. Lesame et al. [3] used the covariant formalism and
then specialised to a shear tetrad, in order to study this question. They concluded that in the nonlinear case, the only
solutions with divH = 0 are those with H
ab
= 0 | thus indicating a linearisation instability, with potentially serious
implications for standard analyses of gravity waves, as pointed out in [6], [7]. It is shown here that the argument of
[3] does not in fact prove that divH = 0 implies H
ab
= 0. The error in [3] is traced to an incorrect sign in the Weyl
tensor decomposition (see below).
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The same covariant formalism is used here, but with modications that lead to simplication and greater clarity.
This improved covariant formalism renders the equations more transparent, and together with the new identities
derived via the formalism, it facilitates a fully covariant analysis, not requiring lengthy tetrad calculations such as
those used in [3]. The improved formalism is presented in Section II, and the identities that are crucial for covariant
analysis are given in the appendix.
In Section III, a covariant derivation is given to show that in the generic case of irrotational dust spacetimes, the
constraint equations are preserved under evolution. A by{product of the argument is the identication of the error in
[3]. In a companion paper [8], we use the covariant formalism of Section III to show that when divH = 0, no further
conditions are generated. In particular, H
ab
is not forced to vanish, and there is not a linearisation instability. A
specic example is presented in Section IV, where it is shown that Bianchi type V spacetimes include cases in which




The authors of [3] are in agreement about the error and its implication (private communication).
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II. THE COVARIANT FORMALISM FOR PROPAGATION AND CONSTRAINT EQUATIONS
The notation and conventions are based on those of [3], [9]; in particular 8G = 1 = c, round brackets enclosing
indices denote symmetrisation and square brackets denote anti{symmetrisation. Curvature tensor conventions are
given in the appendix.






































is the spatial projector and g
ab
is the metric, the projected spatial covariant derivative



































































Covariant analysis of propagation and constraint equations involves frequent use of a number of algebraic and
dierential identities governing the above quantities. In particular, one requires commutation rules for spatial and
time derivatives. The necessary identities are collected for convenience in the appendix, which includes a simplication
of known results and a number of new results.
The Einstein, Ricci and Bianchi equations may be covariantly split into propagation and constraint equations [9].
The propagation equations given in [3] for irrotational dust are simplied by the present notation, and become










































































































A dot denotes a covariant derivative along u
a
,  is the dust energy density,  its rate of expansion, and 
ab
its














and in the linearised case of an almost FRW spacetime, these gradients and tensors are rst order of smallness.











. The metric h
ab
of the spatial surfaces orthogonal to u
a
is implicitly also involved in the equations as a














































































reduce to the Bianchi constraint (13) on using (11), (12) and the identity (A15) in (15) and (16). Consequently, these
identities do not impose any new constraints.
By the constraint (12), one can in principle eliminate H
ab
. However, this leads to second{order derivatives in the
propagation equations (9) and (10). It seems preferable to maintain H
ab
as a basic eld.
One interesting use of (12) is in decoupling the shear from the Weyl tensor. Taking the time derivative of the




























































is the covariant Laplacian. This is the exact nonlinear generalisation of the linearised wave equation
for shear perturbations derived in [4]. In the linearised case, the right hand side of (17) vanishes, leading to a wave




























As suggested by comparison of (12) and (14), and conrmed by the identity (A17), div curl is not zero, unlike its
Euclidean vector counterpart. Indeed, the divergence of (12) reproduces (14), on using the (vector) curl of (11) and
the identities (A2), (A9) and (A17):
div (12) and curl (11) ! (14) (18)
Further dierential relations amongst the propagation and constraint equations are
curl (8) and (11) and (12) and (12)

! (10) (19)
grad (7) and div (8) and (11) and (11)

and (12) ! (13) (20)
where the identities (A8), (A13), (A15), (A16) and (A18) have been used.
Consistency conditions may arise to preserve the constraint equations under propagation along u
a
[3], [4]. In the
general case, i.e. without imposing any assumptions about H
ab
or other quantities, the constraints are preserved
under evolution. This is shown in the next section, and forms the basis for analysing special cases, such as divH = 0.
III. EVOLVING THE CONSTRAINTS: GENERAL CASE
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contain time derivatives, since these are eliminated via the propagation equations and suitable identities. Explicitly,



































































































































For completeness, the following list of equations used in the derivation is given:
Equation (21) requires (A8), (A13), (7), (8), (11), (12), (13), (A15) { where (A15) is needed to eliminate the following






























Equation (22) requires (A18), (8), (10), (11), (12), (A4) { where (A4) is needed to eliminate the following term from

























Equation (23) requires (A13), (6), (9), (10), (A17), (A3), (11), (13), (14), (A15) { where (A15) is needed to eliminate





















































Equation (24) requires (A13), (8), (9), (10), (A17), (A15), (11), (12), (13), (14).
In [3], a sign error in the Weyl tensor decomposition (A6) led to spurious consistency conditions arising from the
evolution of (11), (12). The evolution of the Bianchi constraints (13), (14) was not considered in [3].











where t is proper time along the dust worldlines. Then by (21) { (24), it follows that the constraints are satised for
all time, since C
A
= 0 is a solution for the given initial data. Since the system is linear, this solution is unique.
This establishes that the constraint equations are preserved under evolution. However, it does not prove existence
of solutions to the constraints in the generic case | only that if solutions exist, then they evolve consistently. The
question of existence is currently under investigation. One would like to show explicitly how a metric is constructed
from given initial data in the covariant formalism. This involves in particular considering whether the constraints
generate new constraints, i.e. whether they are integrable as they stand, or whether there are implicit integrability
conditions. The relation (18) is part of the answer to this question, in that it shows how, within any ft = constg
surface, the constraint C
4




















Hence, if one takes C
1
as determining grad, C
2
as dening H and C
3
as determining grad, the constraint equations
are consistent with each other because C
4
then follows. Thus if there exists a solution to the constraints on ft = t
0
g,
then it is consistent and it evolves consistently.
In the next section, Bianchi type V spacetimes are shown to provide a concrete example of existence and consistency
in the case
divE 6= 0 6= curlE ; divH = 0 6= curlH ; grad  = 0 = grad
4
IV. SPACETIMES WITH DIVH = 0 6= H
Suppose now that the magnetic Weyl tensor is divergence{free, a necessary condition for gravity waves:
divH = 0 , [;E] = 0 (27)
where [S; V ] is the index{free notation for the covariant commutator of tensors [see (A2)], and the equivalence follows
from the constraint (14). Using the covariant formalism of Section III, it can be shown [8] that (27) is preserved
under evolution without generating further conditions. In particular, (27) does not force H
ab
= 0 { as shown by the
following explicit example.













] = 0 ) divH = 0




Now the example arises from the class of irrotational spatially homogeneous spacetimes, comprehensively analysed
and classied by Ellis and MacCallum [13]. According to Theorem 7.1 of [13], the only non{FRW spatially homo-
geneous spacetimes with R

ab
isotropic are Bianchi type I and (non{axisymmetric) Bianchi type V. The former have
H
ab







diag(0; 0; 1; 1) (28)

























in agreement with [13].
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(a is the type V Lie algebra parameter) and @
a
f is the directional derivative of f along
e
a















Irrotational Bianchi V dust spacetimes in general satisfy divH = 0 6= H .












































decay with the shear, so that the type V solutions cannot be interpreted as gravity waves. Nevertheless, these
solutions do establish the existence of spacetimes with divH = 0 6= H .
This supplements the known result that the only spatially homogeneous irrotational dust spacetimes with H
ab
= 0





= 0), and Kantowski{Sachs [15]. When H
ab









= 0, in which case the type V solution reduces to FRW.
A nal remark concerns the special case H
ab
= 0, i.e. the silent universes. The considerations of this paper show
that the consistency analysis of silent universes undertaken in [16] needs to be re{examined. This is a further topic
currently under investigation. It seems likely that the silent universes, in the full nonlinear theory, are not in general
consistent.
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Using the properties of 
abcd
(see [9]) and h
ab






























where [S; V ] is the covariant commutator of rank{2 tensors. Using a tetrad that diagonalises S
ab





























































= 0 = _"
abc
(A5)
where the time derivative identities depend on _u
a
= 0, while the spatial derivative identities do not.












































































































































































= 0 = !
ab





































































































































































































































































































































































































































is the covariant Laplacian.
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